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We theoretically investigate the subradiance dynamics in a nonreciprocal chiral-coupled atomic chain, in
which infinite-range dipole-dipole interaction emerges in the dissipation. We find that super- and subradiance are
both present in the dissipation process following single photon excitation, and the decay dynamics shows burst
emissions from uniform initial excitations, which reflects the influence of atomic ordering on the propagation
of quantum coherence. By tuning the nonreciprocal couplings in the chiral-coupled atomic system, we show
that the subradiance dynamics can be greatly modified. We further study the effect of atomic local disorder, and
find occurrence of plateaus on the decay curve dependent on the defect locations, as well as persistent localized
excitations induced by disorders. Our results show rich opportunities in the chiral-coupled system toward photon
storage and routing.
I. INTRODUCTION
Chiral quantum optics [1], a new paradigm of controlling
light-matter interactions in one-dimensional (1D) nanopho-
tonics devices [2], opens up many opportunities in quan-
tum information processing and quantum simulation. Chiral
coupling allows a nonreciprocal atom-light interface, which
breaks the time-reversal symmetry in conventional light-
matter interacting systems in free space. This nonreciprocal
coupling emerges due to the strong radial confinement of 1D
reservoirs which couples the atoms and spontaneously radi-
ates only in the guided dimension [3]. The chiral-coupled
interface can be realized in the setting of evanescent waves
[4, 5] at the glass-air surface under total internal reflection.
Due to considerable reduction of the evanescent waves in the
normal direction of the surface, the longitudinal component
of light becomes finite and enables the transverse spin angular
momentum that can be locked to the propagation direction.
This spin-momentum locking or spin-orbital coupling is the
essential element in the chiral-coupled systems.
There are important applications in such 1D atom-light in-
teracting systems. In an atom-fiber coupled system, direc-
tional spontaneous emissions can be controlled by the internal
states of the atoms [6]. In an atom-resonator system, pho-
ton routing can be achieved by single-atom switch controlled
by the single photon, in which a reflection of the photon tog-
gles the switch from reflection to high transmission [7]. Other
than these atom-light interfaces, quantum dot displaced from
the crossing region of in-plane nanowire waveguides [8] can
guide photons and provide an interface between a solid-state
spin qubit and path-encoded photons. Similarly in the setting
of quantum dot in the glide-plane photonic crystal waveguide
[9] under external magnetic field, chiral coupling of the sys-
tem realizes a Mach-Zehnder interferometer. Even a CNOT
gate can potentially be implemented in such systems [9]. In
the setting of two superconducting qubits in a 1D waveguide,
nonreciprocal coupling can also be realized via quantum non-
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linear couplings under quasi-dark state [10].
Recently, protocols of quantum state transfer using chiral-
coupled photonic quantum link were theoretically proposed
[11], and selective transport of atomic excitations can be
achieved in a driven chiral-coupled atomic chain [12]. Chiral-
coupled 1D atomic chain can even realize quantum many-
body states of spin dimers [13–15] or simulate exotic photonic
topological quantum states [1]. On the recent progress of 1D
reciprocally-coupled atom-light systems, protocols were pro-
posed to create mesoscopic entangled states by engineering
the collective decay dynamics [3], which revealed emerging
universal behavior in the coherent dynamics, i.e., collective
frequency shift of the resonant dipole-dipole interaction, of
the systems [16].
In this article, we investigate the dynamics of the sponta-
neous emissions in the 1D chiral-coupled atomic chain as in
Fig. 1, since clear identification of super- [17–27] and sub-
radiance [28–38] in such system is less studied. Addition-
ally, since the 1D reservoir allows nonreciprocal decay chan-
nels and can be tailored via manipulation of atomic separa-
tions and/or excitation beam profiles, the cooperative radiation
along the allowed dimension should possess qualitatively dif-
ferent features compared to that in reciprocally-coupled sys-
tems.
The rest of the paper is organized as follows. In Sec. II,
we obtain the coupling matrix for a 1D chiral-coupled atomic
chain with single excitation, and analyze few-atom cases. In
Sec. III, we characterize the subradiance for longer atomic
chains. In Sec. IV, we further study the effect of disloca-
tions of the atoms on the radiation properties. Finally we
conclude in Sec. V. In the Appendix, we review the general
formalism for resonant dipole-dipole interaction (RDDI) of
the spontaneous emissions in 1D, two-dimensional (2D), and
three-dimensional (3D) reservoirs [18].
II. CHIRAL COUPLING MATRIX IN SINGLE
EXCITATION HILBERT SPACE
Conventional light-matter interacting systems does not con-
strain which direction spontaneous emission should radiate
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FIG. 1. Chiral-coupled atomic chain. (a) Schematic one-dimensional
atom-fiber coupled system demonstrates one example of the chiral
coupling. Single photon propagating in xˆ excites the atomic chain
distributed along zˆ near the fiber, and the atom-fiber coupled system
guides the spontaneous emissions with the nonreciprocal couplings
γL 6= γR. (b) Illustrative structured beams which non-uniformly
excite the atomic chain. Controlled beam profiles and/or inter-atomic
separations x1,2, x2,3, x3,4, ..., allow tailoring the state initializations
which modify the cooperative couplings.
into; therefore, the RDDI symmetrically couples every pair of
atoms in the system, and we should have the reciprocal form
of RDDI, which preserves the time reversal symmetry of light
scattering, and this property should also preserve in 1D and
2D spaces of reservoirs.
In contrast to the RDDI which we generally obtain and re-
view in the Appendix, the chiral-coupled system allows non-
reciprocal decay channels which break the time reversal sym-
metry. The effective chiral master equation of 1D coupled
atom-light interacting system in Lindblad forms [15] gives
dQ
dt
= − i
~
[Q,HL +HR] + LL[Q] + LR[Q], (1)
where
HL ≡− i~γL
2
∑
µ<ν
(
eik|xµ−xν |σ†µσν − H.c.
)
, (2)
HR ≡− i~γR
2
∑
µ>ν
(
eik|xµ−xν |σ†µσν − H.c.
)
, (3)
denote the RDDI energy shifts, and the Lindblad forms,
LL[Qˆ] ≡−γL
2
∑
µ,ν
{
e−ik(xµ−xν)
(
σ†µσνQ+Qσ
†
µσν
−2σ†µQσν
)}
, (4)
LR[Qˆ] ≡−γR
2
∑
µ,ν
{
eik(xµ−xν)
(
σ†µσνQ+Qσ
†
µσν
−2σ†µQσν
)}
, (5)
characterize the cooperative spontaneous decay under RDDI.
The subscripts L and R respectively indicate the left- and
right-propagating components of the 1D RDDI. We first note
that the Lindblad forms here do not include non-guided cou-
plings or other non-radiative losses, which could present in
fibers or waveguides and reduce the overall efficiency of light
collection. Furthermore, for atoms confined in 1D, we have
ordering on the atomic positions, x1 < x2 < ... < xN−1 <
xN , which otherwise does not present in the 2D and 3D cases,
and we show in the below that this atomic ordering plays a
role on cooperative spontaneous emissions.
When γL = γR = γ, we retrieve the usual reciprocal and
infinite-range couplings of Eq. (A.12),
Jµ,ν =
Γ1D
2
[cos(kLxµ,ν) + i sin(kL|xµ,ν |)] , (6)
where Γ1D = 2γ and Jµ,ν = Jν,µ. Re[Jµ,ν] and Im[Jµ,ν] de-
note the incoherent and coherent parts of the couplings respec-
tively. This infinite-range and cooperative dipole-dipole inter-
action in the 1D atom-fiber coupled system has been investi-
gated theoretically [39–41] and recently observed in macro-
scopically separated cold atoms [42].
When single photon interacts with the atomic chain, only
one of the atoms is excited. By defining
Fµν ≡γRe
ik|xµ,ν | + γLe
−ik|xµ,ν |
2
, (7)
Gµν ≡−iγRe
ik|xµ,ν | − γLe−ik|xµ,ν |
2
, (8)
and in terms of single excitation space |ψµ〉 = |e〉µ|g〉⊗(N−1),
we obtain the interaction Hamiltonian,
V =


−F11 −F12 + iG12 −F13 + iG13 . . . −F1N + iG1N
−F ∗12 + iG∗12 −F22 −F23 + iG23 . . . −F2N + iG2N
−F ∗13 + iG∗13 −F ∗23 + iG∗23 −F33 . . . −F3N + iG3N
...
...
...
. . .
...
−F ∗1N + iG∗1N −F ∗2N + iG∗2N −F ∗3N + iG∗3N . . . −FNN

 . (9)
The atomic dynamics |Ψ(t)〉 = ∑µ cµ(t)|ψµ〉 is determined by the coupled equations: c˙µ = ∑ν Vµ,νcν . In general, Fµν and
Gµν are complex numbers, and V is reciprocal, viz Vµ,ν = Vν,µ, under γL = γR = γ.
3By expressing V as
V =


− γL+γR2 −γLe−ik|x1,2| −γLe−ik|x1,3| . . . −γLe−ik|x1,N |
−γRe−ik|x1,2| − γL+γR2 −γLe−ik|x2,3| . . . −γLe−ik|x2,N |
−γRe−ik|x1,3| −γRe−ik|x2,3| − γL+γR2 . . . −γLe−ik|x3,N |
...
...
...
. . .
...
−γRe−ik|x1,N | −γRe−ik|x2,N | −γRe−ik|x3,N | . . . − γL+γR2


, (10)
the nonsymmetric feature of chiral coupling matrix emerges
when γR 6= γL, and V becomes nonreciprocal as V V † 6=
V †V . The system dynamics can be solved directly from
d
dt
~c = V ~c, (11)
where ~c ≡ [c1(t), c2(t), ..., cN (t)] with given initial condi-
tions of ~c(t = 0). Below we show analytical results for few-
atom systems, and throughout the paper we consider uniform
excitations of the atomic chain.
A. Cascaded scheme
First we investigate two and three atoms in the cascaded
scheme [13, 43, 44] where one of the nonreciprocal couplings
γL,R is zero, so that only unidirectional coupling is permitted.
Starting with two atoms, we have the coupled equations,
c˙1(t) =−γL + γR
2
c1(t)− γLe−iξc2(t), (12)
c˙2(t) =−γRe−iξc1(t)− γL + γR
2
c2(t), (13)
where ξ ≡ k|x1,2|, and correspondingly ξλ/(2π) represents
the atomic separation |x1,2|, given the transition wavelength
λ. For reciprocal couplings where γL = γR and assume ξ = 0
or 2π, we retrieve the conventional results of Dicke’s super-
and subradiance when c1(0) = 1/
√
2 and c2(0) = ±1/
√
2,
respectively. They give the symmetric and anti-symmetric
states of single excitation spaces, (|ge〉 ± |eg〉)/√2. For an
arbitrary ξ, with uniform excitations c1(0) = 1/
√
2, c2(0) =
1/
√
2, and considering the extreme case of nonreciprocal cou-
plings in the cascaded scheme [13] where γL = 0 and γR = γ,
we can solve for the above coupled equations,
c1(t) =
1√
2
e−γt/2, (14)
c2(t) =
1√
2
e−γt/2(1− γte−iξ). (15)
For three atoms, we have the coupled equations,
c˙1(t) =−γL + γR
2
c1(t)− γLe−iξc2(t)− γLe−i2ξc3(t),
(16)
c˙2(t) =−γRe−iξc1(t)− γL + γR
2
c2(t)− γLe−iξc3(t),
(17)
c˙3(t) =−γRe−i2ξc1(t)− γRe−iξc2(t)− γL + γR
2
c3(t),
(18)
where uniform distributions of an atomic array is reflected on
the phases e−imξ with integers m. For the extreme case of
γL = 0, γR = γ, with the initial condition of uniform excita-
tions c1,2,3(0) = 1/
√
3, we obtain
c1(t) =
e−γt/2√
3
, (19)
c2(t) =
e−γt/2(1− γte−iξ)√
3
, (20)
c3(t) =
e−γt/2[γ2t2e−i2ξ − 2γt(e−iξ + e−i2ξ) + 2]
2
√
3
.(21)
In Fig. 2, we plot the excited state populations at specific
ξ in the cascaded scheme when γR = 0, for two- and three-
atom cases. As shown in Eqs. (14) and (19), the excited state
population of the leftmost atom always decays as in the single
atom (noninteracting) regime, which has a time dependence of
e−γt, since there is no coupling to this atom from the atoms
on the right. We find that at ξ . π/4, the total population
Ptot(t) =
∑
m Pm(t) ≡ |cm(t)|2 shows an early superradi-
ant decay followed by a subradiance, which can be seen in
the upper panels of Fig. 2(a) and 2(b). The subradiant decay
originates from the re-excitation of the atoms on the right by
the (virtual) photon coming from the left, and this is deter-
ministically achieved due to the quantum coherences between
the atoms. For even larger ξ up to π, Ptot(t) always decays
subradiantly, and the repopulation emerges at different times
depending on ξ. Specifically in the lowest plot of Fig. 2(b)
for ξ = π, the atoms orderly repopulate the excited state and
decay, i.e. P3(t) decays after P2(t). This indicates that the
light excitation from the left can only transfer to the atoms on
the right, blockading re-excitation of atoms on the left. This is
also distinct for a 1D reservoir where light scattering and ex-
citation exchange are allowed in one dimension only. When
ξ ≈ π, Ptot(t) presents the most subradiant emission, which
is reminiscent of the decoherence-free state in the setting with
reciprocal couplings.
4FIG. 2. Excited state populations of few atom systems for γR = γ
and γL = 0. (a) ForN = 2, the upper and lower plots show the cases
of ξ = 0 and pi respectively. The excited state population of the first
atom P1(t) (dashes in red) always decays as single atom ∝ e
−γt,
while the second one P2(t) (dash-dots in blue) decays with repopu-
lation and oscillation in either super- (upper plot) or subradiant rates
(lower plot) in a short term. The total excited state population (solid
line in black) shows nontrivial decay behaviors. (b) Excited state
populations for N = 3 with corresponding ξ’s in (a). In long time
limit, the third atom (dots in green) decays slower than the second
one (dash-dots in blue), while the second atom decays slower than
the first one (dashes in red).
In such cascaded scheme (γL = 0), only unidirectional cou-
pling is allowed, and the re-excitation of the atoms on the right
can be seen as the atoms in the setting of 1D reciprocal cou-
plings with a perfect mirror on the left, which reflects the light
leaving to the left back to the atoms. This is not possible for
a conventional atomic chain without a waveguide, which scat-
ters light in 3D free space. In the next subsection, we further
investigate the non-cascaded scheme when γL is finite.
B. Non-cascaded scheme
The non-cascaded scheme contrasts with the cascaded one
when both left/right couplings are finite. For N = 2 and 3,
we show Ptot(t) in Fig. 3 at two specific ξ = 0 and π, which
respectively show early superradiant and subradiant behav-
iors as in the cascaded scheme (γL = 0). At ξ = 0 in Fig.
3(a), both Ptot(t) decay more superradiantly initially as γL
increases, which respectively approach e−4γt and e−6γt when
γL → γR, significantly faster than e−2γt and e−3γt in the
noninteracting regime. This enhancement of superradiance is
expected for uniform excitations and finite γL at small ξ or
ξ ∼ 2π, where all the atoms are in phase as in Dicke’s su-
perradiant regime. At much later time, these subradiant tails
dissipate faster for smaller γL, which indicates of occupations,
though fairly small, with longer decay time scales for γL close
to γR.
In Fig. 3(b), we further show the subradiance dynamics
at ξ = π from cascade, to non-cascade, then to symmetric
couplings. For both cases of N = 2 and 3, all atomic excita-
tions prolong in time as γL increases. This drives the system
more subradiant toward decoherence-free states for even N ,
where γL = γR and Pm(∞) = N−1. While for odd N when
FIG. 3. Excited state populations in the cascaded and non-cascaded
scheme. In (a) ξ = 0 and (b) ξ = pi, we plot Ptot(t) for N = 2 and
3 in the upper and lower plots respectively. With a constant γR = γ,
the arrows indicate the increasing γL/γ = 0, 0.2, 0.4, 0.6, 0.8 to
1.0. The dots in magenta give e−γt and is plotted in (a) and (b) as
references. The dots in black give e−2γt and e−3γt respectively in
the upper and lower plots of (a) as comparisons with noninteracting
regime. In (c) when γL = γR at ξ = pi, we show P1(t → ∞)
(solid), which approaches N−1 (dotted) for oddN asymptotically as
N increases.
γL = γR, the system becomes decoherence-free only when
N →∞ with Pm(∞)→ N−1. This can be seen in Fig. 3(c)
where we show P1(∞) as an example. The total excited pop-
ulations for odd N never reaches one for finite N , and the re-
maining population should be in the ground state. This reflects
that initially uniform excitation can never be decomposed in
terms of decoherence-free eigenstates unless N → ∞. As
an example of N = 3, the decoherence-free eigenstates are
~c = [−1, 0, 1] and [1, 1, 0], whereas the third eigenstate is
[1,−1, 1] with an eigenvalue of −3γ.
In general for odd N at ξ = π, the atoms on the edges
decay faster, which can be seen in Eqs. (16) and (18) in the
example of N = 3, while they are repumped by the radiation
of the central one. As time evolves, the central atom are ex-
cited and then decays, transferring the excitation more to the
right than to the left given γR > γL. This leads to atomic
population oscillations due to interferences of light transmis-
sions and reflections. These exchanges of excitations play im-
portant roles in determining the radiation evolutions in the 1D
chiral-coupled system, and manifest different decay behaviors
for even and oddN , which we will discuss in the next section.
Below we study longer atomic chain with nonreciprocal cou-
plings and investigate the system especially for subradiant dy-
namics in longer time scales. As a final remark in this section,
we note that Dicke’s super- and subradiance under reciprocal
couplings actually set the maximal and minimal bound of de-
cay constants respectively. Therefore, the nonreciprocal cou-
plings basically destroy (or partially destroy) the coherences
required for Dicke’s super- and sub-radiance. In other words,
the super- and sub-radiant decay behaviors become less sig-
nificant when the time-reversal symmetry in the couplings is
broken.
5FIG. 4. Subradiance dynamics at ξ = pi. The total atomic popula-
tions for (a) the cascaded case of γL = 0 and (b) the non-cascaded
case of γL = 0.9γR in logarithmic scales. The arrows indicate the
increasingN from 2−7 to 10, 11where we denote the even/oddN as
dashed and solid lines respectively. The Ptot shows clear plateaued
regions of excitations for odd N in (b).
III. SUBRADIANCE FROM A CHIRAL-COUPLED
ATOMIC CHAIN
For a longer chiral-coupled atomic chain, we expect many-
atom collective behaviors in the decay dynamics. In Fig. 4,
we demonstrate the subradiance dynamics at ξ = π as we
increaseN . In the cascaded scheme, the subradiant decay be-
comes more subradiant as N increases. At least two decay
time scales can be seen for the early and later stages of the ex-
ponential decay, which is evident in logarithmic plots, in con-
trast to the conventional exponential decay of noninteracting
atoms. As γL increases, we expect subradiance at a longer
time as indicated in Fig. 3. As an example, we choose γL
close to γR in Fig. 4(b), which presents a clear difference of
subradiance between even and odd N . For odd N in general,
Ptot(t) possesses excitation plateaus. This is due to tempo-
rally ordered atomic excitations as the system dissipates. The
effect of smaller γL modifies the overall decay, which has a
shortened lifetime but still maintains the plateaued regions.
In contrast to the subradiance of odd N , Ptot(t) of even N
decays exponentially. This is due to the balanced excitation
transfer between the atoms on even and odd sites. The ordered
individual excitations from an odd N atomic chain originates
from the imbalanced population transfer, which can be seen in
the early stage of the cases of ξ = π in Figs. 2. The quantum
correlations between any two atoms in an oddN atomic chain
are further modified by the unpaired particle, which results in
a π phase change of the coherencesCnn′(t) = cn(t)c
∗
n′(t), in
contrast to the case of even N . Therefore, the plateaued ex-
citations reflect this distinctive correlation in odd number of
particles in the chiral-coupled chain, and can maintain in the
subradiance dynamics.
To compare with experimental observations, in Fig. 5 we
numerically calculate the radiation intensity,
Itot(t) = −dPtot(t)
dt
.
The burst emissions can be seen in Fig. 5, which reflects the
clear plateaued regions of excitations in Fig. 4. For even N ,
FIG. 5. Radiation dynamics at ξ = pi in the non-cascaded scheme of
γL = 0.9γR. (a) We show the time evolutions of emissions for the
cases of N = 4 (dashes in red) and 5 (solid line in black) from the
results of Fig. 4. (b) For N = 5, we introduce position fluctuations
in the upper and lower plots respectively with 0.5% and 1% ran-
domly distributed deviations around the fixed positions. The shaded
areas represent 1σ standard deviation of the mean curve (solid line
in black) over ensemble averages.
the radiation evolution simply follows the exponential curve
with small oscillations, in contrast to the bursts of radiation
for odd N . The occurrences of the burst emission can, how-
ever, be reduced by position fluctuations. In Fig. 5(b), as the
degree of fluctuation increases, the feature of burst radiation
disappears. Since the chiral-coupled interactions are sensi-
tively affected by the fluctuations of atomic positions, we ex-
pect that our predictions can be observable when the system
experiences< 0.5% of position fluctuations.
IV. EFFECT OF ATOM DISLOCATION
In the above, we discussed subradiance dynamics in ideal
conditions. Here we shall discuss non-ideal cases where dis-
location of constituent atoms is present. This is necessary, be-
cause a precise positioning of the atoms is not easily fulfilled
experimentally on the one hand, and on the other hand, disor-
der is known to induce Anderson localization. It is necessar-
ily of interest to investigate the interplay between cooperative
radiation and dislocation. Here the spatial variations of the
atoms should be normalized to the transition wavelength. As
such the effects of dislocation of superconducting qubits are
less significant due to the long transmission wavelength, but
for atoms with optical transitions, the effects are much more
prominent.
In Fig. 6, we show two examples of destruction and cre-
ation of plateaued excitations, where we add a spatial disor-
der at the level of a fraction of ξ. For odd number of atoms
in Fig. 6(a), the central or edge disorder destroys the succes-
sive excitations that lead to the plateaued pattern when spa-
tial variation & 3%. However, this can be restored when we
place the disorder on the even sites for arbitrary spatial varia-
tions. This disorder can lead to initial fast decay either itself
in Fig. 6(a) or with its neighboring atom in Fig. 6(b), which
are negligibly small (Pm(t) . 0.01). For the spatial varia-
tion . 2%, Ptot(t) behaves as if no presence of the spatial
6FIG. 6. Disorder-induced plateaued excitations. In the non-cascaded
scheme as in Fig. 4 with N = 5, γL = 0.9γR, and ξ = pi, we
place the spatial variation of 5% to the right on (a) the central (the
third) and (b) the second atoms. No plateaued excitation presents
in (a), while plateaus reappear in (b). (c) Similarly for N = 4, the
leftmost atomic position is varied by 5%, and the plateaued excitation
emerges, in contrast to Fig. 4. The respective line symbols for Pm(t)
are shown in the legend of (c), and ⋄ in magenta is form = 5.
deviation, and beyond which the disorder starts to make an
effect on the radiation dynamics. On the other hand for even
N in Fig. 6(c), the plateaued excitation emerges due to the
edge disorder & 2%, in contrast to Fig. 4 where an atomic
chain of even number decays exponentially without flattened
regions. Clear plateaued regions can be seen and this indicates
of spatially-dependent disorder-induced excitation plateaus in
a chiral-coupled atomic chain, which allows a controllable
way to manipulate the subradiant emission dynamics.
Interestingly, in Fig. 7, when we choose ξ ∼ 3π/4 and
introduce a ∼ 30% of position disorder on the nth non-edge
atom, Pn(t) and Pn−1(t) preserve for a much longer time.
This shows disorder-induced localized excitations, which can
maintain up to γt ∼ 104 with only around 20% reduction of
the Ptot(γt ∼ 100). Other parameter regimes, for example
of ξ = 2.5π/4 and ∼ 60% disorder, can also support this lo-
calized excitation. This demonstrates a dimer-like excitation,
FIG. 7. Disorder-induced persistent localized excitations. In the non-
cascaded scheme as in Fig. 4 with N = 5, γL = 0.9γR, but here
with ξ = 3pi/4 and 30% spatial variation on the central atom, P2,3(t)
sustains at finite populations for a very long time as shown in the
inset. The line symbols are the same as in Fig. 6.
which effectively forms a many-body state,
(√
1− Pn−1 − Pn +
√
Pn−1σ
†
n−1 +
√
Pnσ
†
n
)
|g〉⊗N ,
which can be prepared for very long time and controlled by
local disorders. Moreover, for n = 2 or N , Pn(n−1)(t) de-
cays much slower than the other Pm 6=n(t), but not as the cases
of 3 ≤ n ≤ N − 1 which extend to a long time. This indi-
cates the edge effect which involves the atoms at the boundary,
where they decay to the left or right without back radiations.
Nonetheless, the observation of these long-term behaviors can
eventually be limited by the losses from non-guided modes.
V. CONCLUSION
In conclusion, we have investigated the subradiant excita-
tions from a chiral-coupled 1D atomic chain, which allows
an infinite-range dipole-dipole interaction and nonreciprocal
radiation coupling. The subradiance arisen from this non-
conventional coupling shows rich dynamics. In this chiral-
coupled 1D system where the right and left decay channels
are finite but different, we can initiate superradiance or subra-
diance depending on the inter-atomic spacing in a uniformly
distributed atomic chain. When the number of the atoms in-
creases, the subradiant decay rate decreases, which indicates
multi-atom enhancement. This non-cascaded scheme also
allows sequential radiations from the ordered atoms, which
form a series of excitation plateaus due to the violation of the
time reversal symmetry, in contrast to the case of reciprocal
couplings where mth and (N − m + 1)th atoms should be-
have exactly the same in time. However, this feature of burst
emissions following plateaued excitations is deteriorated by
fluctuations of atomic positions, but can be sustained and ob-
servable as long as the fluctuations are kept small.
Furthermore, by introducing local disorder in space and
strength, the excitation plateaus can be tuned to appear or dis-
appear. We also obtain the disorder-induced localized exci-
tations which can maintain for a very long time. This sug-
gests dynamical dimer-like state components spontaneously
emerged from the system via dissipation. An even richer dy-
namics can be possible for multiple disorders or multi-photon
excitations, such that potentially trimerized or complex corre-
lations can emerge in the chiral-coupled system. Finally, our
investigations on subradiance is of interest to quantum stor-
age of guided emissions [45], and we also expect potential
applications in many-body spin dynamics [46] with chiral and
infinite-range couplings.
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Appendix: Cooperative spontaneous emissions in one- and
two-dimensional reservoirs
1. General formalism
Cooperative spontaneous emissions in a three-dimensional
(free space) reservoir has been investigated [18], where reso-
nant dipole-dipole interaction (RDDI) in the dissipation pro-
cess emerges due to the common light fields mediating the
whole atomic system. This pairwise dipole-dipole interaction
underlies the super- and subradiance which hugely depend on
the atomic spatial configurations. These contrasted fast and
slow decay phenomena, especially from a dense medium, are
originated from nonclassical many-body states [31] accessible
in a light-matter interacting system.
Following the line of deriving RDDI in a three-dimensional
(3D) reservoir [18], here we review the cooperative sponta-
neous emissions in one- [3] (1D) and two-dimensional (2D)
reservoirs. From a system of N two-level atoms (|g〉 and |e〉
for the ground and excited states respectively) interacting with
a reservoir composed of quantized bosonic fields, we have the
Hamiltonian with a dipole approximation,
H =
N∑
µ=1
~ωeσˆ
†
µσˆµ −
N∑
µ=1
∑
q
gq(e
ikq·rµ−iωqtaˆq
+e−ikq·rµ+iωqtaˆ†q)(σˆµ + σˆ
†
µ), (A.1)
where σˆµ ≡ |g〉µ〈e|, and bosonic fields aˆq should satisfy com-
mutation relations [aˆq, aˆ
†
q′ ] = δq,q′ . Note that the above light-
matter interaction involves non-rotating wave terms. These
often neglected terms (called rotating-wave approximation
which is valid since twice the optical frequency of the inter-
acting light field is averaged out) are crucial for a complete
description of the frequency shift (dispersion) in the dissipa-
tion, which therefore should satisfy the Kramers-Kronig rela-
tion with the decay rate (absorption). The coupling constant
is gq ≡ d/~
√
~ωq/(2ǫ0V )(~ǫq · dˆ) with a dipole moment d,
unit direction of the dipole dˆ, field polarization ~ǫq , and quan-
tization volume V .
Consider a Heisenberg equation for an atomic operator Qˆ,
we have dQˆ/dt = i[H, Qˆ] (setting ~ = 1), which reads
dQˆ
dt
=iωe
∑
µ
[σˆ†µσˆµ, Qˆ]− i
∑
µ
∑
q
gq{eikq·rµ [σˆµ + σˆ†µ, Qˆ]
×aˆq(t)− e−ikq·rµ aˆ†q(t)[Qˆ, σˆµ + σˆ†µ]}. (A.2)
The above involves aˆq which can be further solved from
daˆq/dt = i[H, aˆq]. The solution of aˆq reads
aˆq(t) =aˆq(0)e
−iωqt + i
∑
µ
gqe
−ikq·rµ
∫ t
0
dt′[σˆµ(t
′)
+σˆ†µ(t
′)]e−iωq(t−t
′). (A.3)
With Born-Markov approximation, equivalently considering
a relevant dynamical timescale of ωet ≫ 1 and t ≫
(rµν)max/c (rµν ≡ |rµ − rν |) [18], we derive the dynami-
cal Heisenberg equations of Q ≡ 〈Qˆ〉0 in Lindblad forms by
assuming the vacuum initial bosonic fields 〈〉0 (equivalent to
the trace of the bosonic fields, leading to the reduced density
matrix equations of the atoms),
Q˙(t)=
∑
µ6=ν
iΩµ,ν [σ
†
µσν , Q] + L(Q), (A.4)
L(Q)=
∑
µ,ν
γµ,ν
[
σ†µQσν −
1
2
(σ†µσνQ+Qσ
†
µσν)
]
.(A.5)
The pairwise couplings (γµ,ν + i2Ωµ,ν)/2 ≡ Jµ,ν which can
be defined as
Jµ,ν=
∑
q
|gq|2
∫ ∞
0
dt′eikq·(rµ−rν)[ei(ωe−ωq)t
′
+ e−i(ωe+ωq)t
′
],
=
∑
q
|gq|2
∫ ∞
0
dt′eikq·(rµ−rν)[πδ(ωq − ωe) + πδ(ωq + ωe) + iP(ωe − ωq)−1 − iP(ωq + ωe)−1]. (A.6)
For a 3D reservoir, we let
∑
q →
∑
~ǫq
∫∞
−∞
V
(2π)3 d
3q with two possible field polarizations ~ǫq. In spherical coordinates, we
show the main results of Jµ,ν in free space [18],
γµ,ν(ξ)≡
∮
dΩq[1− (qˆ · pˆ)2]
∫ ∞
0
dqq2g¯2q
V
(2π)3
[πδ(ωq − ωe) + πδ(ωq + ωe)],
=
3Γ
2
{[
1− (pˆ · rˆµν)2
] sin ξ
ξ
+
[
1− 3(pˆ · rˆµν)2
] (cos ξ
ξ2
− sin ξ
ξ3
)}
, (A.7)
Ωµ,ν(ξ)≡ −
∮
dΩq[1− (qˆ · pˆ)2]
∫ ∞
0
dqq2g¯2q
V
(2π)3
[iP(ωq − ωe)−1 + iP(ωq + ωe)−1],
=
3Γ
4
{
−
[
1− (pˆ · rˆµν)2
]cos ξ
ξ
+
[
1− 3(pˆ · rˆµν )2
]( sin ξ
ξ2
+
cos ξ
ξ3
)}
, (A.8)
8where dΩq denotes an integration of a solid angle of 4π, P is
the principal value of the integral, g¯2q ≡ (d/~)2[~ωq/(2ǫ0V )],
pˆ aligns with the excitation field polarization, the intrinsic de-
cay constant Γ = d2ω3e/(3π~ǫ0c
3), and ξ ≡ kL|rµ − rν |
with kL = ωe/c. γµ,ν and Ωµ,ν are respectively collective
decay rates and frequency shifts in general for any two atoms
in the ensemble. As ξ → 0, Dicke’s regime is reached where
γµ,ν → Γ, while Ωµ,ν diverges. In the below, we review the
results of Jµ,ν in one- and two-dimensional reservoirs.
2. One-dimensional reservoir
From Eq. (A.6), the 1D reservoir gives [3] (note that V
in g¯q is changed to L as a length scale of one-dimensional
quantization volume)
Jµ,ν =
∫ ∞
−∞
dq
2π
g¯2qLe
ikq·(rµ−rν)[πδ(ωq − ωe)
+πδ(ωq + ωe) + iP(ωe − ωq)−1 − iP(ωq + ωe)−1].
(A.9)
We further obtain (let xµ,ν = xµ − xν and dropping q in ωq
for brevity)
Jµ,ν =
∫ ∞
0
dω
π
|∂ωq(ω)|g¯2qL cos(kqxµ,ν)[πδ(ω − ωe)
+πδ(ω + ωe) + iP(ωe − ω)−1 − iP(ω + ωe)−1].
(A.10)
Let Γ1D ≡ 2|∂ωq(ω)|ω=ωe g¯2kLL, where we keep the disper-
sion relation of the 1D coupling constant, and we obtain
Jµ,ν =
Γ1D
2
cos(kLxµ,ν)− iP
π
∫ ∞
−∞
dω
×Re[|∂ωq(ω)|g¯
2
qLe
ikq(xµ−xν)]
ω − ωe , (A.11)
which shows the Kramers-Kronig relation between real and
imaginary parts of Jµ,ν . Finally the cooperative spontaneous
emissions in 1D reservoir becomes [3]
Jµ,ν =
Γ1D
2
[cos(kLxµ,ν) + i sin(kL|xµ,ν |)] . (A.12)
The above sinusoidal form shows the infinitely long-range
dipole-dipole interaction between any atoms. This interaction,
in contrast to 3D and later 2D results below, does not diverge
in the part of collective frequency. Moreover, a true Dicke
regime of Jµ,ν = Γ1D/2 (no dipole-dipole interaction energy
shift) when ξ = 0, 2π can be realized in 1D light-matter in-
teracting system, making such system a potentially highly dy-
namical and strongly interacting platform. Meanwhile, when
ξ = π/2, 3π/2, RDDI in 1D reservoir allows only intrinsic
decay and coherent exchange between atoms without dissipa-
tion.
3. Two-dimensional reservoir
Similarly from Eq. (A.6), the 2D reservoir has a quantiza-
tion volume A, and we obtain Jµ,ν in polar coordinates,
Jµ,ν =
∫ ∞
0
qg¯2qA
(2π)2
dq
∫ 2π
0
dθ[1 − (qˆ · pˆ)2]eikq·rµ,ν [πδ(ω − ωe) + πδ(ω + ωe) + iP(ωe − ω)−1 − iP(ω + ωe)−1].(A.13)
Consider the real part of Jµ,ν first and qˆ has polar angle θ to the zˆ. We assume that rµ,ν is along zˆ and pˆ‖ aligns with a polar
angle θ′ to zˆ where pˆ‖ = pˆ sinφ and pˆ⊥ = pˆ cosφ with an angle φ to yˆ. We then obtain
Re[Jµ,ν ] =
∫ ∞
0
qg¯2qA
(2π)2
dq
∫ 2π
0
dθ[1− (cos θ cos θ′ + sin θ sin θ′)2 sin2 φ]eiξ cos θπδ(ω − ωe),
=
Γ2D
2
1
π
∫ 2π
0
dθ[1 − (cos θ cos θ′ + sin θ sin θ′)2 sin2 φ]eiξ cos θ (A.14)
where Γ2D ≡ 2kL|∂ωq(ω)|ω=ωe g¯2kLAπ2/(2π)2.
To further calculate Re[Jµ,ν ], we need the following inte-
grals,
∫ 2π
0
eia cos θdθ = 2πJ0(|a|), (A.15)
∫ 2π
0
cos2 θeia cos θdθ = 2π(
J1(a)
a
− J2(a)), (A.16)
∫ 2π
0
sin2 θeia cos θdθ = 2π
J1(|a|)
|a| , (A.17)
∫ 2π
0
sin θ cos θeia cos θdθ = 0, (A.18)
where Jn(a) represents the Bessel functions of the first kind.
Then we obtain
Re[Jµ,ν ] =
Γ2D
2
2
[
J0(ξ)− J1(ξ)
ξ
+ (pˆ · rˆµ,ν)2J2(ξ)
]
,
≡Γ2D
2
f(ξ). (A.19)
TheRe[Jµ,ν ] and Im[Jµ,ν ] should satisfy the Kramers-Kronig
9relation, and we obtain
Jµ,ν =
Γ2D
2
f(ξ)− iP
2π
∫ ∞
0
dω
(
1
ω − ωe +
1
ω + ωe
)
×(kL|∂ωq(ω)|g¯2qA/2)f(ω|rµ − rν |/c),
=
Γ2D
2
[f(ξ) + ig(ξ)], (A.20)
where
f(ξ) ≡2
[
J0(ξ)− J1(ξ)
ξ
+ (pˆ · rˆµ,ν)2J2(ξ)
]
, (A.21)
g(ξ) ≡2Y0(ξ)− 2Y1(ξ)
ξ
+ 2(pˆ · rˆµ,ν)2Y2(ξ)
− 4
πξ2
[1− 2(pˆ · rˆµ,ν)2], (A.22)
and Yn(ξ) represents the Bessel functions of the second kind.
The above g(ξ) can be derived by using the following inte-
grals,
P
∫ ∞
0
da
J0(a)
a∓ b = −
π
2
[Y0(b)±H0(b)], (A.23)
P
∫ ∞
0
da
J1(a)
a(a∓ b) = −
2 + πb[Y1(b)±H1(b)]
2b2
,(A.24)
P
∫ ∞
0
da
(
J2(a)
a− b +
J2(a)
a+ b
)
= − 4
b2
− πY2(b),(A.25)
whereHn(b) is the Struve function.
All the results for the RDDI in 1D, 2D, and 3D reservoirs
are reciprocal. This means that Jµ,ν = Jν,µ, preserving the
time reversal symmetry for light scattering between the µth
and νth atoms. Similar 2D RDDI has been studied in point
scatterers using 2D coupled dipole equations [47], and super-
and subradiance properties are investigated in details with the
above 2D RDDI [48].
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